We study a discrete model described by coupled excitable elements following the monostable FitzHughNagumo equations. Our model has a weakly coupled activator and a strongly coupled inhibitor. For twocoupled excitable elements, we show that the trivial state always exists stably, while nontrivial stable states appear depending on the coupling strengths. In a one-dimensional array, only the elements near the initial condition step remain at nontrivial states. We discuss stationary pattern formation in a one-dimensional array and a two-dimensional lattice using the analytical results of a two-coupled system.
I. INTRODUCTION
Discrete systems are widely seen in living things. For example, myelinated fibers are constituted of myelin sheaths and nodes of Ranvier. Electric potential propagates from one node to another and this phenomenon is called saltatory conduction ͓1,2͔. Not only the living phenomena but also nonliving ones, such as dislocation in crystals ͓3,4͔, are described by models using spatial discreteness. Phenomena that occur in discrete systems can be quite different from those in continuous systems.
If the diffusion coefficient of the activator is larger than that of the inhibitor, pulses can propagate in continuous systems. However, in discrete systems, when the coupling strength of the activator is larger than that of the inhibitor, propagation can fail. Details of features in discrete models have been studied both analytically and numerically ͓5-9͔.
It is also well known that if the diffusion of the inhibitor is faster than that of the activator in continuous systems, a Turing pattern appears; pulses that appear from perturbation form patterns of stripes or spots ͓10-13͔. In these patterns, the system's wave number depends on the parameters and the stripes or spots keep the same intervals regardless of the system size.
We are interested in what will happen in a discrete system under the same condition: a weakly coupled activator and a strongly coupled inhibitor. In such a system, Nomura et al. ͓14͔ reported that a stationary pattern appears. They claimed that they can detect the edge of an input image using a reaction-diffusion-like model. These patterns are quite different from the Turing pattern; the edge of the input image remains stable and steady and the pattern's characteristic wave number is not uniquely determined. This is also a different phenomenon from propagation failure. Propagation failure occurs in a discrete system; a wave can not propagate in a certain range of coupling strength ͓5-9͔. Ebihara et al. ͓15͔ suggested that discreteness plays an important role in this phenomenon, but the details of discreteness have not been considered in their model.
In this study, we discuss the reason for the emergence of stationary patterns in a discrete system using two-coupled elements. We consider excitable elements in an activatorinhibitor system. They are coupled with each other under the condition of a weakly coupled activator and a strongly coupled inhibitor and follow the monostable FitzHughNagumo equations, which are well known as a simple example of the excitable systems ͓16,17͔. Note that we consider a temporally continuous system. We analytically show that the trivial state is always stable in this system, but in a certain parameter area, other stable states appear. Which state the two elements finally reach depends on the initial conditions. If the initial conditions of both elements are larger ͑smaller͒ than a threshold, both elements reach the trivial steady state after ͑without͒ excitation. On the other hand, if the initial condition of one element is greater than the threshold, but that of the other is less than it, both elements enter a new stable steady state. This feature implies that when we adopt a two-dimensional lattice and input a certain image as an initial condition, the edge of the image can be detected using this feature.
II. MODEL
We use the following discrete model for two nonlinear excitable elements, which have a weakly coupled activator, u, and a strongly coupled inhibitor, v. The elements interact with each other depending on the coupling strength, d u and d v ͓18͔. The terms f͑u , v͒ and g͑u , v͒ are considered to represent the FitzHugh-Nagumo equations as follows:
The parameters, ⑀, a, and b, are positive constants; in this study, they are set to 0.001, 0.1, and 2, respectively. Under this condition, the model becomes a monostable system. Then we use the values of d u = 1 and d v = 20 without any notice.
III. RESULTS
We numerically investigate the dependence of the final states on the initial values of the two elements. In this part, we examine only the final states of u 1 and u 2 by changing their initial values. The initial values of v 1 and v 2 are set to 0. Figure 1͑a͒ shows the time variation under four types of initial conditions. In the first case, both elements converge to the trivial state without excitation. In the second ͑fourth͒ case, u 1 ͑u 2 ͒ becomes positive after excitation, and u 2 ͑u 1 ͒ becomes negative without excitation. In the third case, both elements go to the trivial state after excitation. We examine the details of the dependence by changing each initial value in 0 Յ u i Յ 1.2 ͑i =1,2͒, as shown in Fig. 1͑b͒ . Filled circles show that one value finally becomes negative and the other becomes positive. Empty areas represent cases where both elements finally become the trivial solution. Crosses represent the initial values in Fig. 1͑a͒ . The figure shows that there are thresholds around u 1 , u 2 = 0.11.
Next, we want to analytically find the new state and investigate its stability. To find other solutions except the trivial solution, we set U 1 , U 2 , V 1 , and V 2 as u 1 + u 2 , u 1 − u 2 , v 1 + v 2 , and v 1 − v 2 , respectively. Then we obtained the following equation from Eqs. ͑1͒ and ͑2͒:
To obtain the fixed points and their existence conditions from the equations, we calculate Eq. ͑3͒ without temporal change,
Equations ͑3͒ and ͑4͒ have the trivial solution, Ū 1 = Ū 2 = V 1 = V 2 = 0. As for the nontrivial solution, we can reduce the variables and get the following equation for Ū 2 :
Here, for the requirement that the system is monostable, following equation
which is obtained by Eq. ͑2͒, should have only one solution u = 0. Then we get the condition,
From this condition, the discriminant of ͕Ū 1 2 −2͑a +1͒Ū 1 +4͑a +1/ b͖͒ in Eq. ͑5͒ is negative. As a result, we get the requirement about U 1 , We can obtain following cubic equation for Ū 1 by calculating Eqs. ͑3͒-͑5͒:
Equations ͑3͒ and ͑4͒ can have the other solutions except for zero when cubic Eq. ͑5͒ has real solutions in the condition Eq. ͑8͒. Through analytical calculations, the condition, where Eqs. ͑3͒ and ͑4͒ have nontrivial solutions, is obtained as
.
͑11͒
The derived condition is represented by the boundary between the black and gray areas in Fig. 2͑a͒ .
From the linear stability analysis, we can conclude that the trivial solution is always stable, and the stability of nontrivial solutions is represented by the gray and white areas in Fig. 2͑a͒ . In the gray area, nontrivial solutions exist, but they are unstable. In the white area, nontrivial solutions exist stably. Figure 2͑b͒ shows the analytical solutions of Eqs. ͑3͒ and ͑4͒ obtained by solving the cubic equation, Eqs. ͑9͒ and ͑10͒. The value of d u is fixed as 1, and d v changes from 0 to 100 along the axis in Fig. 2͑a͒ . Filled circles superimposed on Fig. 2͑b͒ represent stable solutions obtained by numerical calculations. Note that numerical calculations started from an initial condition that was determined by the final state at a neighboring parameter with an increase ͑decrease͒ in d u .
Next, we consider more than two elements. The model is as follows:
Each is coupled with its neighbors. Actually, this is equivalent to the discretized reaction-diffusion equation by using the central difference method with zero flux boundary condition. For example, we use u 0 , u 1 , ... ,u N+1 and consider u 0 = u 1 and u N = u N+1 at the boundary. Figures 3͑a͒-3͑c͒ show the behavior of three elements ͑N =3͒. When we set the initial value of u 3 as 0.15 and the other values as 0, the final value of u 3 becomes positive after excitation, and the others become negative without excitation ͓Fig. 3͑a͔͒. In this case, the value of u 2 is a little smaller than that of u 1 . When u 2 is 0.15 and the others are zero, only u 2 excites and goes to a positive value, while the others go to the same negative value ͓Fig. 3͑b͔͒. If we set the initial value on elements 2 and 3 as u 2 = u 3 = 0.15 and u 1 = 0, elements 2 and 3 both excite at first, but then element 3 falls to a negative value ͓Fig. 3͑c͔͒. In the three-element system, emergence of a nontrivial stable state, negative value, and positive value is confirmed in each gray parameter area, as shown in ͑a-1͒-͑c-1͒ of Figs. 3͑a͒-3͑c͒. The shape of parameter areas ͑a-1͒ and ͑b-1͒ is similar to those of the two-element system, as shown in Fig. 2͑a͒ . The result shown in Fig. 3͑c͒ illustrates that its parameter area is smaller than those in ͑a-1͒ and ͑b-1͒. Figure 3͑d͒ shows the time variation of a one-dimensional array of 16 excitable elements when a step function is provided as an initial condition. In Fig. 3͑d͒ , all elements to which a small signal is added ͑d-1͒ are excited ͑d-2͒. The elements except those at the edge fall to negative values ͑d-3͒, and then only the edge remains stable and steady ͑d-4͒.
IV. DISCUSSION
In this study, we discussed stationary pattern formation on coupled nonlinear excitable elements following the monostable FitzHugh-Nagumo model using two-coupled elements. From the analysis, we can determine the parameter area in which two stable nontrivial solutions appear except for the trivial solution, zero. The analytical work also shows that the trivial solution constantly exists stably. The initial conditions determine whether the final state of both elements is trivial or nontrivial. The emergence of not only the trivial stable state, but also the nontrivial stable state in a twoelement system implies the existence of those states in a three-element system, a one-dimensional system, and a twodimensional system. This is confirmed numerically in a three-element system and a one-dimensional system, as shown in Fig. 3 .
For application of two-coupled elements, when we consider a two-dimensional lattice of excitable elements, each coupled with four neighbors, a stationary pattern can also emerge, as shown in Fig. 4 . We set an initial condition as in ͑a-1͒ of Fig. 4͑a͒ ; in the black area, the initial value of u is zero, and in the gray area, shaped like the letter "C," each element has a low value of u, 0.15. Note that setting the initial value of u for two-dimensionally coupled elements is equivalent to putting an image on the lattice. Elements that are given the initial value of u = 0.15 excite, as shown in ͑a-2͒ of Fig. 4͑a͒ . In the middle of the white area, where the difference in u between an element and its neighbors is small, they converge to zero, i.e., the black area in the middle of a white region in ͑a-3͒ of Fig. 4͑a͒ . Then only the edge remains at positive values and a stationary pattern appears, as shown in ͑a-4͒ of Fig. 4͑a͒ . When the initial image has white noise, the noise is reduced in the final state, as shown in Fig.  4͑b͒ . In this case, the threshold plays an important role in reducing the effect of weak noise. The emergence of stationary patterns in a spatially discrete system can demonstrate wide flexibility in image processing. Recently, patterns in Belousov-Zhabotinsky ͑BZ͒ reaction in aerosol OT ͑AOT͒ water-in-oil microemulsion are studied ͓19͔, and some patterns which are different from those in normal BZ reaction are observed such as Turing-like patterns, dashed waves, and so on. Microemulsions of water are discretized by oil, so this system may be described as a discrete system and the diffusion of inhibitor is faster than that of activator. These imply that our model may be experimentally actualized by using a Ru-catalyzed BZ-AOT system. . ͑a͒-͑c͒ Behavior of three coupled elements under three types of initial conditions, ͑a-2͒, ͑b-2͒, and ͑c-2͒, respectively. In the empty areas shown in ͑a-1͒, ͑b-1͒, and ͑c-1͒, all elements finally reach the trivial state. In the gray areas, elements reach the states shown in ͑a-3͒, ͑b-3͒, and ͑c-3͒. ͑d͒ Time variation of a one-dimensional array. In this case, each of sixteen elements is coupled with its two neighbors. The horizontal axis represents space, and the longitudinal axis is the value of u. Initial values are provided as ͑d-1͒. Elements with a larger initial value excite ͑d-2͒ and fall to negative values ͑d-3͒. After sufficient time, the edge of the step function remains and other elements except ones around the edge go to the trivial state, zero ͑d-4͒. Parameters are d u = 1 and d v = 4. It is confirmed numerically that the situation of elements at t = 1 keeps its shape until at least t = 10.
